This paper describes vibration analysis using the finite element method (FEM) for a viscoelastic block supported by a nonlinear concentrated spring. The restoring force of the spring exhibits cubic nonlinearity and linear hysteresis damping. The finite element for the nonlinear spring is expressed and is connected to the viscoelastic block, which is modeled using linear solid finite elements taking into consideration the complex modulus of elasticity. Further, the discretized equations in physical coordinate are transformed into nonlinear ordinary coupled equations using normal coordinate corresponding to the linear natural modes. Note that modal damping is also transformed without inconsistency in this procedure. This transformation can save computational time. Further, by applying the harmonic balance method to the transformed equations, steady-state nonlinear frequency responses are computed with fairly small degree of freedom. The influence of Young's modulus of the blocks on the nonlinear responses is clarified. Moreover, the influences of dissipated energy on the nonlinear frequency responses for the viscoelastic block are clarified.
Introduction
To isolate undesirable external oscillations, concentrated springs are utilized for not only relatively heavy structures but also for lightweight structures (e.g., precision apparatuses, electronic apparatuses, and medical apparatuses). But, the rigidity of these lightweight structures is often low. Therefore, these structures correspond to elastic bodies. On the other hand, if the objects in which the undesirable external oscillations are to be isolated are made from polymers (e.g., resin products, rubber products, foods, medicines, and living bodies), then the lightweight structures correspond to viscoelastic bodies. Some types of concentrated springs used for isolation possess nonlinearity between the load and the displacement. Therefore, it is necessary to analyze the dynamic characteristics of coupled oscillations between nonlinear springs, elastic bodies, and viscoelastic bodies.
There exist numerous reports concerning the nonlinear vibrations in concentrated masses with concentrated springs. Feeny treated this system using the proper orthogonal modes technique (1) . Kondou et al analyzed the vibration responses for large-scaled problems, which consisted of plural beams supported by nonlinear concentrated springs. Moreover, they proposed a fast identification method for the nonlinear stability of these large-scaled problems (2) . Nonlinear modal analysis was proposed by Shaw, and he applied this method to a simply supported beam attached to a nonlinear concentrated spring (3) . The authors proposed a fast computational method for treating the nonlinear vibrations in elastic blocks with a nonlinear concentrated spring (4) . However, there are not many reports with regard to the dynamics of the viscoelastic blocks connected with a nonlinear concentrated spring. This paper describes the vibration analysis for viscoelastic structures connected with a nonlinear concentrated spring by using the finite element method. The restoring force of the spring is expressed as a power series of the displacement. This restoring force includes linear hysteresis damping. Therefore, a complex spring constant is introduced for the linear component of the restoring force. The finite elements for the spring are expressed and they are attached to the viscoelastic structures, which are modeled by linear solid finite elements. The discrete equations in physical coordinates are transformed into nonlinear ordinary coupled equations using normal coordinates corresponding to the linear natural modes. In this procedure, modal damping is also transformed without any inconsistencies. Using the harmonic balance method, the transformed equations are computed to obtain the steady-state nonlinear frequency responses with a fairly small degree of freedom. The effectiveness of this analysis was checked using a basic block-spring model. Moreover, the influence of Young's modulus of the blocks on the nonlinear responses is clarified. Further, the influences of the dissipated energy on the nonlinear frequency responses for the viscoelastic block are investigated. Figure 1 shows the numerical model. In this model, a concentrated nonlinear spring with hysteresis damping is attached to a viscoelastic block. The shape of this block is a rectangular parallelepiped, and size of the block is 15mm × 16mm × 18mm.
Numerical Model
Infinitesimal deformation is assumed for the viscoelastic block. Moreover, for the viscoelastic block, we use the finite element model by considering the complex modulus of elasticity. As shown in Fig.1 , this block is able to slide only in the x direction due to the sidewalls. This is because the normal components of the displacement for the block toward the sidewalls are constrained without friction and without gap. Figure 2 represents the relationship between the restoring force Rαx of the nonlinear concentrated spring and the displacement x Uα . In this figure, the restoring force of the nonlinear spring is illustrated without hysteresis. This restoring force has cubic nonlinearity. We added hysteresis damping to this restoring force for the subsequent numerical analysis.
Numerical Method

Discretized equation for a nonlinear concentrated spring with linear hysteresis
As shown in Fig.1 
where
is the nodal force vector at the nodeα . } {d is a vector containing the nonlinear terms of the restoring force.
Discretized equation for the viscoelastic block
We assumed that the equations of motion for the viscoelastic blocks are expressed under infinitesimal deformation. The displacement vector } { b U in an element for the blocks is set as 
T {U e }
For the shape function, mainly isoparametric hexahedral elements with nonconforming modes (10) are used.
The relation between the stress vector } {σ and strain vector } {ε can be written as 
The strain energy, kinetic energy and potential energy are obtained from Eqs. (3) ~ (6). The following expressions can be derived using the Lagrange equation. ρ is the mass density for an element e . In Eq. (7), the dot denotes the derivative with respect to time.
The viscoelasticity of a block is taken into account using the complex modulus of elasticity ) 1 (
The real part E of E stands for the storage modulus of elasticity, while b η is the material loss factor of the block. By superposing all elements related to the block, the following equations for the entire domain of the block are obtained:
f and } { b U are the mass matrix, complex stiffness matrix, nodal force vector and displacement vector in the entire domain of the block, respectively.
Discrete equations for the combined system between the block and the nonlinear spring
The restoring force } {r in Eq. (1) is added to the nodal force at the attached node α between the concentrated spring and the block. Subsequently, the following expression can be obtained for the global system: 
Approximate expression for modal damping
By neglecting both the nonlinear term and external force vector in Eq. (11), we obtain the following complex eigenvalue equation:
The superscript ) (n stands for the n th eigenmode. 
Furthermore, by rearranging Eqs. (17) and (18), the following equations can be derived: (5) , resultantly.
Conversion to nonlinear equations in normal coordinates
Considerable computational time is required to directly calculate Eq.(11) in physical coordinates. In this section, a numerical method is proposed to decrease the degree of freedom for the discretized equations of motion (4) (9) . 
where {φ
By substitution of Eq.(20) into Eq.(11), the following nonlinear ordinary simultaneous equations with regard to normal coordinates i b can be obtained. γ are sufficiently smaller than those of the linear spring constant 1 γ .
As to the selection of the linear natural vibration modes for the proposed method, it requires a sufficient number of modes having large amplitudes both at the observation points and at the excitation points for good accuracy of the numerical analysis.
Nonlinear frequency response
We assumed that the external force i P includes only one frequency component ω . 
Here, 
By arranging these equations, one obtains a set of coupled equations for the unknown constants Subsequently, the response amplitudes of the viscoelastic block at the observation point ξ can be expressed as a root mean square value as follows.
Here, ix 
Numerical Results
Verification of the proposed nonlinear FEM
To verify the proposed nonlinear FEM and our related code, the calculated results from γ . The reason is as follows. The large nonlinear terms lead to chaotic vibrations having complicated non-stationary time histories (9) . It is well known that for chaotic vibrations, slight changes in the initial values yield drastic changes in the responses in the numerical integration. Therefore, in this report, simple nonlinear conditions are selected to verify our proposed method. For the blocks, Young's modulus and the material loss factor are varied. The mass density of the block is given as 7.8 ×10 3 kg/m 3 . Isoparametric quadrilateral elements with nonconforming modes (10) are selected for the blocks. Using these modal parameters, linear frequency responses for an infinitesimal amplitude with periodic excitation are calculated by using the harmonic balance method and the proposed FEM from Eqs. 
2 ) (25) w is the response amplitude in the x direction at the observation point ξ . Under a small force amplitude ( p d =0.098N), the comparison between the response from the proposed FEM with the harmonic balance method and that from Eq.(25) using NASTRAN with the modal superposition method is shown in Fig.5 . Both the responses shown in Fig.5 involve modes of vibration from the fundamental one to the tenth one. As can be seen in this figure, both results agree well with each other.
(b) Verification for a rigid block with a nonlinear concentrated spring Next, the nonlinear characteristics of the calculated results using the proposed nonlinear FEM are verified in the case of a rigid block connected with the nonlinear concentrated spring. A model having a concentrated mass with a nonlinear concentrated spring in one degree of freedom (1DOF) is reduced from the block with the nonlinear spring in Fig.1 Using the Runge-Kutta-Gill method, Eq.(27) is numerically integrated to obtain the frequency responses. We also compute the nonlinear frequency response using the proposed FEM with the harmonic balance method under a quasi-rigid condition (i.e., we assume an extraordinarily high storage modulus value of E b =10 5 Gpa for the block). For this calculation, one-mode approximation is assumed. The adopted mode has a shape similar to that of Mode1 shown in Fig.3 . In this mode, the block moves like a rigid body and the deformation of the nonlinear spring is dominant. Therefore, this adopted mode is well matched with the motion of the 1DOF mass-nonlinear spring model, as shown in Eq. ( In Fig.6, (1, 1/1 ) denotes the principal resonance of Mode1, while (1, 3/1) denotes the superharmonic resonance of three orders related to Mode1. The calculated results from the two models agree well.
As a result, we could confirm the validity of the proposed method under the linear and nonlinear conditions for a quasi-rigid block.
Influence of Young's modulus on responses
Next, we examine the influences of Young's modulus b E and material loss factor b η on the damped responses of the viscoelastic block with a nonlinear spring. Fig.9 (b) in the case of a large Young's modulus b E =210 for the block, the principal resonance curve for the first mode that is denoted by (1, 1/1), shows a hardening type. In this figure, there also exists a subharmonic resonance of order 1/3 and a superharmonic resonance of order three with regard to the first mode. On the contrary, in the case of b E =1, no subharmonic resonance with regard to the first mode appeared and the peak of the super harmonic resonance decreased. This is because the modal loss factor ) 1 ( tot η for this mode increases due to the local elastic deformation at the connecting portion between the block and the concentrated spring as previously explained. for IC =1 and IC =20. Therefore, we can say that responses for a large Young's modulus can be approximated using a small number of modes. On the other hand, according to Fig.10(b η for the block is large.
Conclusion
In this paper, vibration analysis is carried out for a viscoelastic block supported by a nonlinear concentrated spring by using the finite element method. The restoring force of the concentrated spring is assumed to have a cubic nonlinearity and linear hysterisis damping. The finite elements for the nonlinear spring are expressed and are attached to the viscoelastic block, which is modeled by linear solid finite elements. This block has a complex modulus of elasticity, and is excited in the vertical direction. Discretized equations using physical coordinates for this system are transformed into nonlinear ordinary coupled equations using normal coordinates, which correspond to the linear natural modes. In this process, modal damping is also transformed without any inconsistencies by introducing the modal strain energy method. Further, by applying the harmonic balance method to the transformed equations, steady-state nonlinear frequency responses are computed with a small degree of freedom. The proposed nonlinear FEM and our code were verified by the results obtained from some other numerical methods performed under basic conditions.
The influences of Young's modulus and the material loss factor for the viscoelastic block were investigated with regard to modal parameters and nonlinear responses.
Consequently, it was found that the nonlinear responses were damped due to the generation of local elastic deformation at the connecting point where the nonlinear spring was attached to the block, when Young's modulus b E for the block was small and material loss factor b η for the block was large.
